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Abstract 

We show that there are not pure regular y-global Landsberg 
surfaced. The proof is based on the averaged connection associated 
with the linear Chern's connection and the classification of irreducibles 
holonomies of torsion-free afhne connections. The structure consists 
on exausting all the possible cases and showing that in dimension 2 
Landsberg condition implies Berwald condition. □ 



1 Introduction 

The existence or not of pure y-global Landsberg spaces with enough dif- 
ferentiability conditions on the metric F is an important problem in Finsler 
Geometry. It has devoted considerable attention and efforts by many Finsler 
and non-Finsler geometers. Despite the numerous attempts, the solution of 
the general problem is still elusive. 
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However as result of some of these investigations, examples has been 
found of "relaxed" Landsberg spaces which arc not "relaxed" Berwald spaces: 
if the differentiability conditions are weaker, there are in dimension higher 
of 2 generalize Landsberg spaces which are not Berwald. These examples 
are y-local (see references on [7] as well as the original paper by Asanov [8]) 
but not y-global. 

In this work we are concerned with the original problem, which is the ex- 
istence of y-global pure Landsberg structures. Because the original problem 
seems quite difficult, we restrict our attention to low dimension and in par- 
ticular to the two dimensional case. In particular we present the following 
result: 

Theorem 1.1 Let M 6e a connected manifold. A -regular y-global Lands- 
berg surface (M,F) is a Berwald surface. 

Because of a theorem from Szabo ([9]), one gets immediately obtains. 

Corollary 1.2 A -regular Landsberg surface (M, F) is Riemannian or 
locally Minkowski. 

Remark. The requirement of being a C^-regular seems necessary for our 
proof, because we use the classification of holonomies, which makes use ex- 
plicitly of the Bianchi identities. However, second Bianchi identities requires 
C^-regularity of F. 

Our proof of theorem 1.1 is based on the theory presented in [3], some 
constraining results on Berwald spaces obtained previously in ref. [2] and on 
the classification of the holonomy representations of irreducible, torsion-free 
affine connections ([4]). The main construction used in the proof is the aver- 
aged connection ([3]), which is simpler than any "Finslerian" connection. In 
particular, the holonomy of the averaged connection is easier to understand 
than the holonomy of the initial connection, because the averaged connec- 
tion is affine and torsion-free and is living on M. Basically, the holonomy 
representations of these connections are already classified in ref. [4] , for ir- 
reducible connections. Also, the holonomy representation of the averaged 
connection of the Chern's connection is a Lie sub-group of the holonomy 
representation of the original Chern's connection. Therefore, any geometri- 
cal property must be invariant under the action of the holonomy group of 
the averaged connection ([11, paragraph 10.19]). This is the key point of 
the proof. In particular, Landsberg condition which can be stated as saying 
the Cartan tensor is covariant constant along the direction of d. (the distin- 
guish vector field dual to the Hilbert 1-form w), must be invariant under the 
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action of the corresponding holonomy representation of the averaged con- 
nection. But this connection is afiinc, torsion-frcc. Therefore, the holonomy 
group of the averaged connection is constrained by the list of Mcrkulov and 
Schwachheoefen ([4]). Then, we analyze these possible groups in dimension 
2 and conclude that it is not possible to have y-global Landsberg surfaces 
which are not Berwald surfaces. 

We remark that in higher dimensions our method is far from being con- 
clusive in higher dimensions. 



2 Finsler Geometry in dimension 2 

In this work all indices run from 1 to 2, being 2 the dimension of the manifold 
M. However, most of the notions presented in this and next section are 
applicable to arbitrary dimensions. If it is not stated the contrary, equal 
indices up and down are summed. The manifold M is connected. 

Definition 2.1 A Finsler structure F on the manifold M. is a non-negative, 
real function F : TM [0, oo[ such that 

1. It is smooth in the slit tangent bundle N := TM \ {0}. 

2. Positive homogeneity holds: F(x,Xy) = XF(x,y) for every A > 0. 

3. Strong convexity holds: the Hessian matrix 

, , Xd'^F'^ix.y) 

is positive definite on N. 

A structure such that both, smoothness of F and strong convexity hold in 
the whole N is called y-global. Otherwise, if some of the defining properties 
hold only in a proper open sub-set of N, the structure is called y-local. 

The manifold 7r*TM is a subset of the cartesian product TM x N. The 
pull-back bundle 7r*TM -H' N is defined in such a way that the following 
diagram commutes: 

7r*TM TM 



N ^^M. 
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Using a trivialization of the bundle 7r*TM, the projection on the first and 
second factors are 

TTi : 7r*TM — > N, {u, — > u, n G tt-'^{x) C N, 

7r2 : 7r*TM ^ TM, ^&t^i\u). 



Definition 2.2 Let (M, F) be a Finsler structure. The fundamental and 
the Cartan tensors are defined by the equations 

1. Fundamental tensor: 

1 d'^F^(x v) 

g(x, y) := - ^ '.^^ Tr*dx' TT*dx^ . (2.2) 

2. Cartan tensor: 

A(x,y) := —^:^'K*dx''®'K*dx^®'K*dx^ = AiAk'K*dx'' ®'iT*dx^ ®'iT*dx^ . 
2 ay* 

(2.3) 

The "tensor" (2.2) defines on each fiber of 7r*TM a fiber metric. However, 
using the coefficients gij one can define other geometric objects which are 
also relevant in Finsler Geometry. This is because gij is tensorial under the 
local coordinate transformations on 7r*TM induced from local coordinate 
transformations on the base manifold M. The same applies to the Cartan 
tensor, which components are also tensorial under induced change of coor- 
dinates. 

The non-linear connection has the following coefficients: 

-f^liJ-p-^irnlTsYj;, j,k,mr,s = 1,2. 
The coefHcients are defined in local coordinates by 

V - - + ^i^) i k m s-12- 

^im ~ ^^id 9''^ 9lk = <^fc- Using the non- linear connection coefficients 

one can define a splitting of TN, defining a non-linear connection, where the 
vertical and horizontal subspaces Vu and Hu are such that: 
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1. Splitting of the tangent space TN holds, 

T„N = V„ © 7^„, V u G N 

2. The right action on TN induced from the action of the group GL{2, R) 
on the tangent bundle TM leaves invariant the above decomposition. 

Let us consider the local coordinate system (x, y, U) of the manifold TM. 
A tangent basis for T^N, u G N is defined by the vectors([l]): 

I— I —I i^— I F— II —I -—I -N^- — \ 
ox'- ox" oy^ oy^ ox^ ox^ ■' oy^ 

The local basis of the dual vector space T* N, u G N is 

_^ ^y^ Sy^ Sy^ 1 ■ 

{dx \u,---,dx |u) p |u) •■•) "I" 

The Chern's connection is characterized by the following theorem ([!]), 

Theorem 2.3 Lei (M, F) &e a Finsler structure. The pull-back vector bun- 
dle 7r*TM N admits a unique linear connection determined by the con- 
nection 1-forms {uOj, i,j = 1,2} such that the following structure equations 
hold: 

1. "Torsion free" condition, 

d{dx') - dx^ A w] = 0, i,j = 1,2. (2.4) 

2. Almost g- compatibility condition, 

dgij - gkjWi - gikW^ = 2Aijk — , i,j, k = l,2. (2.5) 

In local coordinates the curvature endomorphisms of a linear connection on 
7r*TM — > N are decomposed in the following way: 

n) = \^^,dx^ A dx' + P]^,dx' A ^ + lo'J-^ A ^. (2.6) 

For the Chern's connection, the vu-curvatures are zero for any arbitrary 
Finsler structure, Q*-^; = 0. 
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Definition 2.4 A Berwald space is a Finsler space if W x G M there is 
a local coordinate system containing x such thai in the associated natural 
coordinates on N the connection coefficients of the Chem's connection live 
on the manifold M. 

There are several characterizations of Berwald spaces (for instance see chap- 
ter 11 ol ref. [1]). Between these characterizations, we find quite useful that 
the Finsler structure (M, F) is a Berwald structure iff the /tt'-curvature is 
zero, Pjj.; = 0, i,j,k,l = 1,2. 

Definition 2.5 A Finsler structure is a locally Minkowski space if \/ x G 
M there is a local coordinate system containing x such that the connection 
coefficients of the Chem's connection does not depend on x. 

Definition 2.6 A Finsler structure (M, F) is Landsberg iff the following 
condition holds: 

yj 

Ajk{x, y) ■- Pjiklix, y) = 0, e = -pf^^- 

Examples of Landsberg spaces are Berwald spaces. We call a Landsberg 
space which is not Berwald. 

3 Averaged Connection and a Rigidity condition 
for Berwald Spaces 

The averaged connection was introduced in ref. [3]. In this section we collect 
without proof the results from [2] and [3] which are necessary in our proof 
of the theorem 1.1. Let us denote by 7r*rM the fiber over v G N, Ta;M the 
tensor space over x and T^^'^^M the fiber over x of a tensor bundle of order 
(p, q); J^{M) is the ring of smooth functions on M. For each Sx € Tj;M and 
■u G 7r~^(z), 2; G U C M we consider the isomorphisms 

7r2|^:7r*rM — ^ T^^M, Sy — 

< : T,M ^ 7r:rM, S.^t^IS,. 



Definition 3.1 Let (M, F) he a Finsler structure, Tr{u) = x and f G ^M. 
Then tt*/ e j^(7r*TM) is defined by 

7r*J = f{x), yuelx C7r-\x) CN. (3.1) 
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The horizontal Uft of vector fields is denoted by 



i:TM^TN, X = X'—^\,^t{X)=X'—^\u, u el, C 7r-\x) CN, 

(3.2) 

and the horizontal lift is defined by the non-linear connection coefficients 

AT"* 
J' 

L : TM ^ TN, l{X) =X,\X eH, 

such that if tt : TN — N is the canonical projection, 7r{i{X)) = X for 
X ^0. 

Definition 3.2 Consider the family of operators 

A := {A^ : tt^T^'I^M — ^ ttI^T^'I^M} 

with w G TT~^{x). The average of this family of operators is defined to be the 
operator 

A, : T^P'«)m — > T^P'''^M 
with X G M given by the action: 

< Ay, >:=< 7r2|„^„< >u = — TFT-^i I T^^luAuTrldvol) S^;, 

T(f'9)M; (3.3) 

dvol is the standard volume form induced on the indicatrix I, from the Rie- 
mannian volume of the Riemannian structure (T^jM \ {Q},gx), where the 
fiber m,etric is gx := gij{x,y)dy^ i^dy^ , with fixed x G M. and y G T^jM \ {0}. 

Remark 1. In the formula (3.3) the integration must be understood as 
an integration on the manifold 1, of an operator. 

Remark 2. I^; can be understood as a sub-manifold on N or, due to a 
canonical emhedding of N on M, as a sub-manifold on the tangent bundle. 
The second interpretation is geometrical and will be given elsewhere. The 
first interpretation was adopted in my previous work (for instance in [3]). 
However, there is not dramatic difference between both interpretations. 

Theorem 3.3 (Averaged connection [2]) Let (M, F) be a Finsler structure 
and V a linear connection on 7r*TM. Then, there is defined on M a linear 
covariant derivative along X, Vx characterized by the following conditions: 
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1. yx G T-jM and Y G FTM, the covariant derivative of Y in the 
direction X is given by the following average operation: 

VxY :=< V >xY :=< 7r2UV,„(jf)<y >„, uel^c C tt'^x) C N, 

(3.4) 

2. For every smooth function f G ^(M) the covariant derivative is given 
by the following average: 

Vx/ =< V >x / :=< 7r2UV,„(x)</ >«, u€l^ C tt'^x) C N. 

(3.5) 

Remark. Equation (3.4) implies Vxf = X{f). 

The following properties are important for our application. The proof can 
be find in ref. [3, section 4], 

Proposition 3.4 The following properties hold: 

1. Torsion of the averaged connection. The torsion tensor Ty of the 
averaged connection V is the averaged of the torsion tensor Ty of the 
original linear connection V, 

T^iX,Y) =< 7r2U(V,„(x)7r*y - V,„(y)7r*X - 7r*[X,Y]) = 

=<7r2Tv(7r*X,7r*y) > . (3.6) 

2. Parallel transport of the averaged connection. The parallel 
transport associated with V is given by the average of the parallel trans- 
port operation of the original connection V, 

{f^+%,S :=< 7r2\ur}+'K(t+S)S{xt+s) >u(t), G r,,M. (3.7) 

3. Curvatures of the averaged connection. The curvature endomor- 
phisms Q{X,Y) of the averaged connection V is obtained as the av- 
eraged of the curvature endomorphisms Q,{X, Y) of the original linear 
connection V, 

VL{x,Y)z =< 7^2U^^(x'''^y^''^)U7r*uz >„, (3.8) 

where X'"'^ and Y""'^ denotes the corresponding vertical and horizontal 
lifting of X,Y G FTM, using the non-linear connection on TN. 
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4- Holonomy of the averaged connection. Since the holonomy is 
essentially parallel transports along loops, one has the following homo- 
morphism, 

< ■ >h:HoI{V) — > Hol{V) 

r-y7r*5 — >< vr2|„r^„7r*|„S' >, 

G Hol{V), S € TTM 

where 'ju is the horizontal lift of the path 7 on the bundle TN. 

Remark. From the above properties one can argue that the most powerful 
averaged is on the connection, instead of the metric averaging. They are 
also an argument suggesting the notion of convex invariance ([3, section 8]). 

Let us consider the injection of I^M on T^]V[ Then, we can pull-back 
this manifold to 7r*TM. In ref. [2] it was proved in a straight forward way 
the following 

Theorem 3.5 ([2], [10]) Let (M, F) be a Finsler structure. Then there is 
a Riemannian metric h such that its Levi-Civita connection leaves invariant 
the indicatrix of F iff the structure is Berwald. 

Remark. The metric h appearing in theorem 3.5 is not necessarily the 
averaged metric h{x) =< gij > dx^ (8) dx^ . 

4 Proof of the Theorem 1.1 

Let us fix the Finslerian connection on 7r*TM to be the Chern's connec- 
tion. In this case, the fT;-curvature is zero, Q = 0. The average procedure 
indTiccs a group homomorphism between the holonomy groups of the Chern 
connection, 

< >h: HoliV^ ) Hol{< > ). (4.1) 

This homomorphism is surjective. To proof this fact, note that because 
theorem 3.4-4 ^-iid because the Ambrose-Singer theorem on holonomies([5]), 
the Lie algebra of the holonomy representation of the averaged connection 
associated with the linear Chern's connection is generated by the curvature 
endomorphism {< Rj >, < >} and we know from theorem 3.4.3 that 
the curvature endomorphisms of the averaged connection are the average of 
the curvature endomorphisms of the original linear connection. Therefore 
the homomorphism (4.1) is surjective. This fact implies that the induced 
homomorphism of Lie algebras is also surjective. Therefore, let us consider 
the action of the pull-back group of the averaged holonomy group. Therefore, 
look for two-dimensional holonomy representation which are not: 
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1. Reducible: if the holonomy representation is reducible, must be a prod- 
uct of one dimensional representations. Since the holonomy represen- 
tation of a 1-dimcnsional manifold is trivial, Therefore the product is 
trivial as well and the surface must be locally Minkowski. 

2. Locally symmetric affine connections: in this case, one has to be aware 
that they are not locally symmetric spaces of dimension two. 

3. Riemann metrizable connections: it is known ([6], [10], [2], [3]) that in 
this case (M, F) is a Berwald space. 

The holonomy group Hol{< > ) is the holonomy group of a torsion 
free affine connection ([3]). Therefore, from the list of groups that can be 
holonomy groups of irreducible, non locally symmetric torsion-free connec- 
tion which are non-metric, the possibilities are restricted by the classification 
of Merkulov- Schwachhofer ([4]). There is one possibility in dimension 4: 



Tr is any connected Lie sub-group of R, which is trivial. 

Until know we didn't use the fact that (M, F) is a Landsberg space. For 
regular structures, the notion of Landsberg spaces is given by a tensor 
condition, write in tensor coordinates as: 



Key part of the proof: This tensor condition must be invariant by the 
holonomy of the averaged connection because: 

1. Assume that eq. (4.2) holds at one given point x G M. We want that 
this condition holds everywhere in M. Therefore one has to extend this 
condition by parallel transport everywhere on M (since M is connected 
and by the Holonomy Fundamental Principle ([11, paragraph 10.19]). 
Therefore, the condition must be invariant under the holonomy of the 
linear Chern's connection (which is the connection that we are using. 

2. The homomorphism < • > is surjective. Therefore, we have the fol- 
lowing relation 



1. Tn-SL{2,K). 



(4.2) 



HoliV^) D HoI{tt* < >) ~ Hol{< >). 



(4.3) 



From here one has the requirement that 



TT* < V'^'^ > i = TT* < V'^'' > = 0. 



10 



This is also because (both for Berwald and Chern connections) V 
connection has an associated zero covariant derivative in vertical di- 
rections. 

Therefore, we have to check the invariance of the Landsberg condition for 
the groups GL(2,R) and SL{2,K). 

Proposition 4.1 In a convenient basis, the Landsberg condition is 

P^j, = = 0. (4.4) 

Proof: This relation is obtained from a known relation of the P curvature 
of the Chern's connection ([1, pg 57]), 

i^Plijk = -Ajk- (4.5) 
We can write this condition as fohows. 

Let us consider a basis of the dual of the fiber space with respect to the 
fundamental tensor g 

{ei,e2 = ^7r*e^} < — > {ei,e2 = ^vr*e^}, yj = gjkV^. 

Then equation (4.5) becomes (4.4). □ 
The relation A^j^ = is a tensorial relation which in addition must 
be invariant under the holonomy group of the pull-back of the averaged 
connection, as we have discussed. Therefore, let us consider A^jk = Pfjk = 
write in the following way: 

Q = Ff^k = MfPi,„MrMjMl, 

where M is an arbitrary element of Hol^n* < V >). The matrix M is 
invertible and therefore it is equivalent to the following expression, 

= M;^^,. 

The elements can be chosen zero independently, because the matrix M is 
on the averaged holonomy group. Let us consider the action of an arbitrary 
holonomy element M", 

= 4, = 4, + M| P^j, => Ml 4, = M| Pf^^ = 0. 
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Since the group SL{2, R) contain elements such tat are independently 
zero, one gets that P-^.^ = Pijk = 0- 

Note that the groups 0(2) and 50(2) are not eligible, because they 
correspond to Riemannian holonomies. 

The condition of regular structure is required because of the use of 
the classification of irreducible representations of affine connections, where 
it is used. If the Landsberg structure (M, F) is of less degree of smoothness, 
we can not use Ambrose-Singer theorem on algebra of holonomies. □ 

5 Discussion 

It has been proved that pure regular y-global Landsberg surfaces doesn't 
exist. However, the situation in higher dimensions seems more involved. 
Indeed, there are difficulties to generalize the result to higher dimensions: 

1. The proliferation of holonomy groups of torsion-free affine connections. 

2. The absence of the De Rham decomposition theory for affine connec- 
tions, in contraposition to the (pseudo)-Riemannian category, 

3. The existence of non-trivial local symmetric spaces, where the isotropy 
group corresponds to the holonomy group. 

Nevertheless, we hope that the averaged method can be useful in the point 
2 before. To treat points 1 and 3, a combination of other methods with 
exterior systems seems a possible avenue to try. 
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